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1. Introduction 
In 1931, Wiener and Hopf [1] published an important paper related to the theory of integral equations 
showing that a certain singular integral equation is exactly solvable via a use of the theory of Fourier 
transforms and the functions of a complex variable. Their technique is called the Wiener-Hopf tech-
nique and had a great impact on the progress in the theory of wave scattering and diffraction. The 
Wiener-Hopf technique was applied to scattering problems for the first time by Copson [2] and inde-
pendently by Schwinger [3]. They solved the so-called Sommerfeld half-plane problem [4] exactly by 
the Wiener-Hopf technique and obtained the same results as Sommerfeld’s solution. Since then, the 
importance of the Wiener-Hopf technique in various physical and engineering applications has been 
recognized, and a large number of radiation and scattering problems have been solved using this 
method [5-8]. It should be emphasized that the Wiener-Hopf technique is mathematically rigorous in 
the sense that the edge condition [9], required for the uniqueness of the solution, is explicitly incorpo-
rated into the analysis. 
In this doctoral research, we shall consider a class of canonical, two-dimensional scattering prob-
lems, and develop rigorous methods of solution based on the Wiener-Hopf technique. In particular, we 
shall analyze the plane wave diffraction by the following two geometries: 
1) a semi-infinite parallel-plate waveguide with sinusoidal wall corrugation [10-12] 
2) a finite parallel-plate waveguide with four-layer material loading [13] 
The first geometry belongs to a class of periodic structures and is important in the design of micro-
wave and optical devices including resonators, filters, and couplers composed of gratings as well as 
reflector antennas. On the other hand, the second geometry is closely related to the area of the predic-
tion and reduction of the radar cross section of targets. 
The first diffraction problem is analyzed for both E and H polarizations, whereas the second is 
analyzed for the E polarization. It is to be noted that the Wiener-Hopf technique is not applicable di-
rectly to the first problem because of non-plane boundaries of the waveguide surface. Hence, we shall 
develop a hybrid approach based on the use of the perturbation method together with the Wiener-Hopf 
technique. This makes the Wiener-Hopf analysis of the first problem possible. The sinusoidal 
waveguide problem has been analyzed in the past for the H-polarized plane wave incidence by Chak-
rabarti and Dowerah [14] following a method similar to that developed in this research. However, their 
analysis is incorrect from a mathematical point of view since important contributions to the scattered 
field are not taken into account. In addition, no numerical results are presented in their paper. Due to 
space limitations, we shall present the results only for the first problem. 
The time factor is assumed to be i te w-  and suppressed in the following. 
 
2. Diffraction by a Semi-Infinite Parallel-Plate Waveguide with Sinusoidal Wall Corrugation 
2.1 The case of E polarization [10] 
We consider the E-polarized plane wave diffraction by a semi-infinite parallel-plate waveguide with 
sinusoidal wall corrugation as shown in Fig. 1, where the surface of the waveguide plates is infinitely 
thin, perfectly conducting, and uniform in the y-direction, being defined by sinx b h mz= ｱ +  for 
0,z <  where m and h are some positive constants. Let the total electric field ( , ) [ ( , )]t tyx z E x zf ｺ  
be ( , ) ( , ) ( , ),t ix z x z x zf f f= +  where ( , )i x zf  is the incident field of E polarization defined by 
 0 0( sin cos ) 0( , ) , 0 /2i ik x zx z e q qf q p- += < <  (1) 
 
 
 
 
 
 
 
 
Fig. 1. Geometry of the problem. 
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with 1/ 20 0[ ( ) ]k w e mｺ  being the free-space wavenumber. Since the waveguide surface is perfectly 
conducting, the total field satisfies the boundary condition ( sin , ) 0t b h mz zf ｱ + =  for 0.z <  
We assume that the corrugation amplitude 2h  of the waveguide walls is small compared with the 
wavelength and expand the boundary condition into the Taylor series around .x b= ｱ  Retaining the 
Taylor series up to the ( )O h  terms, we obtain the approximate the boundary condition as follows: 
 ( )2( , )( , ) sin 0, 0.
t
t b zb z h mz O h zx
ff ｶ ｱｱ + + = <ｶ  (2) 
We also expand the scattered field ( , )x zf  using a perturbation series in h as 
 ( ) ( ) ( ) ( )0 1 2, , , ,x z x z h x z O hf f f= + +  (3) 
where ( , )n x zf  for 0n =  and 1  denote the zero- and first-order scattered fields, respectively. For 
convenience of the analysis, we shall assume that the medium is slightly lossy as in 1 2k k ik= +  
with 2 10 .k k< =  Let us define the Fourier transform of the zero- and first-order scattered fields as 
 1/2( , ) (2 ) ( , ) , 0,1,n n i zx x z e dz naa p f
･
-
- ･
F = =  (4) 
where Re Im ( ).i ia a a s t= + ｺ +  It follows from the radiation condition that ( , )n x aF  for 
0,1n =  are regular in the strip 2 2 0cosk kt q- < <  of the complex -a plane. Taking the Fourier 
transform of the two-dimensional Helmholtz equation and applying boundary conditions in the trans-
form domain, the problem is formulated in terms of the zero-order Wiener-Hopf equations 
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2 cos sin 2sin sin( ) ( ) ( ) , ( ) ( ) ( )cos cos
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and the first-order Wiener-Hopf equations 
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with 2 2 1/2( ) ( )kg a a= -  for Re ( ) 0,g a >  where ( ), ( ), ( ),n n nS D Ua a a+ + - and ( )
nV a-  for 0,1n =  
are unknown functions, and ( )K a  and ( )L a  are the Wiener-Hopf kernels defined by 
 ( ) ( )( ) cosh[ ( ) ]/ ( ), ( ) sinh[ ( ) ]/ ( ).b bK e b L e bg a g aa g a g a a g a g a- -= =  (8) 
Applying the factorization and decomposition procedure, (5)-(7) are solved exactly leading to 
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with 1,2 0cos cos / ,m kq q= ｱ  where 1,2A  and 1,2B  are known constants, and 
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for 2 00 cos .d kt q< < <  In (9)-(13), ( )K aｱ  and ( )L aｱ  are the split functions of the Wiener- 
Hopf kernels ( )K a  and ( ),L a  respectively [5, 7, 8]. Equations (12) and (13) are evaluated in 
closed form [10] but will not be discussed here. 
Taking the inverse Fourier transform of the solutions of the zero- and first-order Wiener-Hopf 
equations, the scattered field inside and outside the waveguide is evaluated. The field inside the 
waveguide yields a modal series expression via the use of the residue theorem, whereas for the region 
outside the waveguide, a uniform asymptotic expansion of the scattered far field is derived by apply-
ing the saddle point method together with the the pole-singularity extraction procedure. 
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2.2 The case of H polarization [11, 12] 
We now consider the diffraction by the same waveguide geometry for the case of the H-polarized 
plane wave incidence. The approximate boundary condition on the waveguide surface is now given by 
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Taking the Fourier transform of the Helmholtz equation and applying boundary conditions in the 
transform domain, we obtain, after some manipulations, the zero-order Wiener-Hopf equations 
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and the first-order Wiener-Hopf equations 
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with 2 2( ) ,k md a a a= - -  where ( )nU aｱ  and ( )
nV aｱ  for 0,1n =  are unknown functions, and 
 ( ) ( )( ) ( )cosh[ ( ) ], ( ) ( )sinh[ ( ) ].b bK e b L e bg a g aa g a g a a g a g a- -= =  (19) 
Equations (15)-(18) are solved exactly by following a method similar to that developed in the 
E-polarized case. The details on the solution procedure are omitted. 
 
3. Numerical Results and Discussion 
In this section, we shall present numerical examples of the scattered far field for various physical pa-
rameters and investigate the scattering characteristics of the waveguide in detail. By careful numerical 
experimentation, we have found that, when the corrugation depth 2h and the corrugation period 
2 /mp  satisfy 1.0kh ｣  and / 0.3,mh kh ｣  the approximate boundary conditions given by (2) 
and (14) can be used to simulate a perfectly conducting sinusoidal surface with sufficient accuracy. 
Figures 2(a,b) and 2(c,d) show numerical results of the scattered far field intensity as a function of 
observation angle q  for E and H polarizations, respectively, where the incidence angle 0,q  the nor-
malized waveguide spacing ,kb  and the periodicity parameter /mh kh  are chosen as 0 60 ,q = o  
15.7,kb =  and / 0.2,mh kh =  respectively. In order to investigate the effect of sinusoidal corruga-
tion of the waveguide walls, we have chosen the normalized corrugation depth as 0.5,1.0.kh =  The 
results for a flat, semi-infinite parallel-plate waveguide have also been added for comparison. 
In all the figures, the scattered far field shows maximum peaks at 120q = - o  as this direction 
corresponds to the incident shadow boundary. Comparing the results for the corrugated waveguide 
with those for the flat waveguide, we observe that the effect of sinusoidal corrugation of the 
waveguide walls is noticeable for the range 90 180 ,q< <o o  and the scattered far field intensity has 
sharp peaks at two particular observation angles around the specularly reflected direction at 
120 .q = o  Consideration on the structure of an infinite sinusoidal surface may offer a physical under-
standing of the scattering mechanism at these particular observation angles. Taking into account the 
definition of 1,2,q  it is seen that 1p q-  and 2p q-  are, respectively, propagation directions of the 
( 1)-  and ( 1)+  order diffracted waves involved in the Floquet space harmonic modes arising in the 
periodic structures of infinite extent. These angles are 107.5 ,134.4o o  for the parameters chosen in 
Fig. 2, at which somewhat large reflection is expected. In fact, we see that observation angles associ-
ated with the two peaks around 0p q-  in Fig. 2 are very close to 1p q-  and 2.p q-  On the other 
hand, the peaks along the specular reflection are also expected from the grating theory since they ex-
actly correspond to the propagation direction of the zero-order Floquet mode. Therefore it is confirmed 
that the three peaks at 0,p q-  1,p q-  and 2p q-  in numerical examples are due to the effect of 
periodicity of the sinusoidal surface of the waveguide. It can also be observed from the figure that the 
peaks occurring in the 1p q-  and 2p q-  directions become sharper with an increase of .kh  This 
is because the waves in propagation directions of the particular Floquet modes are strongly excited for 
larger .kh  Comparing the scattering characteristics between two different polarizations, we notice 
that the scattered far field for the H-polarized case has nulls at 0 , 180q = ｱo o and oscillates rapidly in 
comparison to the E polarization. The three peaks at the directions 0,p q-  1,p q-  and 2p q-  cor-
responding to the Floquet space harmonic modes are also seen in the H-polarized case. 
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         (a) E polarization, 0.5.kh =                      (c) H polarization, 0.5.kh =  
 
 
 
 
 
 
 
 
 
          (b) E polarization, 1.0.kh =                      (d) H polarization, 1.0.kh =   
Fig. 2. Scattered far field for 0 60 , / 0.2, 15.7.mh kh kbq = = =
o         : corrugated.         : flat. 
 
4. Conclusions 
In this study, we have considered two canonical, parallel-plate waveguide structures and analyzed the 
plane wave diffraction by the methods based on the Wiener-Hopf technique. The first diffraction prob-
lem involving the semi-infinite parallel-plate waveguide with sinusoidal wall corrugation has been 
solved approximately for both E and H polarizations by a hybrid method based on the Wiener-Hopf 
technique together with the perturbation method. The second problem for the finite parallel-plate 
waveguide with four-layer material loading has been solved rigorously for the E-polarized plane wave 
incidence with the aid of the Wiener-Hopf technique that is applicable to multi-layer structures. Nu-
merical computation has been performed for various physical parameters, and the far field scattering 
characteristics of the waveguides have been discussed in detail. 
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